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ABSTRACT In the course of an analysis of nonlinear electrical effects in lipid bilayer
membranes, the influence of the dissociation field (or Wien) effect on the membrane
conductivity is investigated. It is shown that the theory of Onsager for the Wien
effect in a macroscopic phase can be applied to a thin membrane when the proper
boundary conditions at the membrane-solution interface are introduced. It is as-
sumed that an activation energy is associated with the passage of the ion across the
interface. The mathematical treatment of the model is restricted to the case for which
cations and anions have identical properties except for the charge sign. The result-
ing differential equations for the ion concentration within the membrane are inte-
grated numerically. The analysis shows that the influence of the Wien effect on the
membrane conductivity is appreciable only if the energy barrier at the interface is
sufficiently high, i.e. if the rate limiting step for the ion transport is the passage of the
ion across the interface.

INTRODUCTION

In the third part of this series (Walz, Bamberg, and Lauger, 1969; Neumcke and
L&uger, 1969), we investigate the possible influence of the dissociation field (or
Wien) effect on the nonlinear current-voltage characteristic of lipid bilayer mem-
branes. The interior of these membranes which is formed by the hydrocarbon tails of
the lipid molecules is a medium of low dielectric constant. In such a medium ion as-
sociation becomes predominant, i.e. most ions are present in the form of neutral ion
pairs which cannot contribute to the electric current. The equilibrium between ion
pairs and free ions is described by a dissociation constant which is a function of the
electric field. In high electric fields (such as are present in a bilayer membrane under
the usual conditions of a current-voltage experiment) the dissociation of ion pairs is
substantially increased. In this way the number of charge carriers and hence the
conductivity becomes a function of the applied voltage. This effect was first investi-
gated by Wien, and is now well established for solutions of electrolytes in organic
solvents (for detailed references, see Harned and Owen, 1958).
The dissociation field effect was already envisaged by Miyamoto and Thompson
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(1967) as a possible source of the nonlinear current-voltage characteristic of thin
lipid membranes, but without a quantitative analysis. An interesting application to
biological membranes was proposed by Bass and Moore (1968) who developed a
model of the nervous excitation in which a change in the electric field produces a pH
change in the nerve membrane via the Wien effect.
The mathematical analysis of the dissociation field effect is due to Onsager (1934)

and is based on Bjerrum's treatment of ion association (1926). Onsager developed
his theory for a macroscopic phase; when the theory is applied to a thin lipid film
interposed between two aqueous solutions, certain boundary conditions at the film-
solution interface enter into the calculation. Unfortunately, these boundary condi-
tions lead to a considerable complication in the numerical treatment of the problem.
It seemed, therefore, advisable to restrict the analysis to a special situation, namely
the case in which all permeable ions have identical properties, except for the charge
sign. The analysis of this case makes it possible to define the conditions under which
the membrane conductivity is influenced by the Wien effect. The main result will be
that only when the passage of the ions across the solution-membrane interphase is
restricted by sufficiently high activation energy barriers, will it be possible for the dis-
sociation field effect to make a sizable contribution to the conductivity of the mem-
brane.

THEORY OF THE DISSOCIATION FIELD EFFECT
IN A THIN MEMBRANE

As in parts I and II of this series, we consider the membrane as a thin film of thick-
ness d and dielectric constant em interposed between two aqueous phases of identical
composition. The aqueous phases contain the ions A+ and B- which have a very low
but finite solubility in the membrane. In addition to the free ions, neutral ion pairs
A+B- exist in the membrane. In the absence of an external voltage, an equilibrium

A + B- A+B- (1)
kD

is set up in the membrane which may be described by an equilibrium constant

K kD c+ * d_ (2)
k8 cs

(c+, c_, c, =equilibrium concentrations of cations, anions, and ion pairs respec-
tively, in the membrane).

If an electric current flows through the membrane, the ion concentrations are no
longer given by the equilibrium constant K. Instead, we have to replace equation 2 by
the equation of continuity which states that for each ion species the divergence of the
flux is equal to the rate of production of the ion. If k4 and ck are the ion fluxes, and
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x is the coordinate normal to the membrane surfaces, then

d4+ = kD*c±- kRc+*c (3)
dx~
d-= kD*C±- kR*C+*C, (4)

where c+, c_, and c± denote the concentrations in the nonequilibrium state. Onsager
(1934) has shown that the dissociation rate constant kD depends on the electric field
strength, whereas the rate constant for the recombination, kR, is independent of the
field. For an electrolyte of valency type A+B- he obtained the result (E = field
strength, eo= elementary charge, k = Boltzmann constant, T = absolute tempera-
ture):

kD(E) Ii(2N/2ql EleOe/kT) (5)
kD(O) V/2q tjE eo/kT

1 denotes the modified Bessel function of the first kind. q is the so-called Bjerrum
length, i.e., the distance at which the mutual electrostatic energy of the ions A+
and B- is equal to - 2kT:

2

eo ~~~~~~(6)2,Em, kT(6)

In Bjerrum's theory every pair of ions A+, BW whose distance r is less than q is
considered as associated, giving no contribution to the conductance. If we assume
the dielectric constant of the lipid film to be em = 2, the Bjerrum length q becomes
140 A at 250C, a value about two times the membrane thickness. One may therefore
question whether Onsager's theory of the Wien effect is applicable to the bilayer
membrane. However, as Onsager pointed out, most ion pairs have a distance r much
smaller than q, so that in the formal development of the theory the integration could
usually be restricted to the region r << q. It seems therefore justified to apply On-
sager's results to the lipid membrane even if the membrane thickness is of the same
order as q.

In part I of this series, it was shown that the electric field in a lipid bilayer mem-
brane is practically independent of position, as a consequence of the extremely low
ion concentration in the membrane. We may therefore introduce into equation 5 the
relation

E-eo u (7)
kT 3 (7

in which u is the external voltage (in units of kT/eo) and d is the membrane thickness.
The dissociation rate constant becomes thus a function of voltage alone (independent
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of position):

kD(O) -

We now introduce a further approximation by the assumption that the concentra-
tion of ion pairs is much higher than the concentration of free ions. This is always
true in a medium of low dielectric constant such as the interior of a lipid membrane.
Therefore the concentration c± of ion pairs remains practically constant and equal
to the equilibrium concentration J± even in the case u t 0. As the ions A+ and B_
are assumed to be identical except for the charge sign, the equilibrium concentrations
c+ and c_ become equal:

c+ = c_- co . (9)

Using equations 2 and 8, we obtain the relation

kD - C± - kR c+ c_ = kR 0 uFj(u) - 2+ ]0X ( 10)

which has to be introduced into equations 3 and 4.
In the stationary state the ion fluxes 1+ and 4K in the membrane are given by the

Nernst-Planck equations

+ = -D d(d ++c+ (11)

)_ = -D*ddC- - c_*d (12)

D is the diffusion coefficient which is assumed to be the same for both ions. In the
case of a thin dielectric film, the Nernst-Planck equations have to be considered as an
approximation, as long as the image force acting on the ions is not taken into ac-
count (see part II of this series). However, this complication is omitted here.
We finally introduce the dimensionless variables

2x 13

y = C + c_ (14)
2co

Z =c+ ( 15)
2co
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Then, by addition of equations 3 and 4 and using equations 10-12, we obtain

d2y + u z+ A[f(u) + z2 _ y21 = 0, ( 16 )

A= co°d2DkR (17)
4D

If we express the current density J

J =F(4+_- = _kT. u (18)
eo R

(F = Faraday constant, R = integral resistance of the membrane per unit area) by
the relations 11 and 12, a second equation for the variables y and z is obtained:

2 dz +y=Rf 19

kT dRf - . (20)
eo 2coFD

The solution of equations 16 and 19 has to fulfill the proper boundary conditions
at the membrane-water interfaces (t = :1:). In part I of the series we introduced the
usual approximation that for each ion species the partition equilibrium at the inter-
face is maintained even at nonzero current. In the following we replace this assump-
tion by the more general concept that an ion moving across the interface has to
overcome a certain activation energy barrier. The existence of such a barrier is prob-
able because the polar head groups of the lipid molecules are "cross-linked" to some
extent by dipole-dipole forces and hydrogen bonds. The total flux of an ion across
the barrier may be represented by the difference of the net fluxes (pjm and (posm from
the membrane into the solution and from the solution into the membrane. (pm and

!m(P. are proportional to the ion concentration in the membrane and in the solution,
respectively. If c8 is the ion concentration in the solution' we obtain for the interface
at = 1:

ms _ sm = m *c (1)M- Ism *C (21)

b ms _a(m = lmsa*C_() - 18m*C8. (22)

As cations and anions are assumed to be identical except for the charge sign, the
coefficients Ima and lam are the same for both ions. Furthermore, Ims and lam are re-

' In part I of this series it was shown that c. is slightly dependent on the external voltage, because part
of the potential drop occurs in the Gouy-Chapman layer at the solution side of the interface. This
effect becomes noticeable only at ionic strengths below 10-3 M and is omitted here.
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garded as independent of the external voltage. If equation 21 is applied to the equilib-
rium state of the system (4)+ 0, c+ co), the relation

Ims,Co = Ism C8 (23)

is obtained. We may now express the current density (equation 18) by the difference
of the ion fluxes (equations 21, 22, and 15). This leads to the first boundary condi-
tion:

z(1) = -u IR ( 24)R

kT 1
eo 2Co I.ms F(

A second boundary relation results from the symmetry of the system:

c+(0) = c_(0), or z(0) = 0. (26)

The third boundary condition is obtained by equating expressions 11 and 21 for the
flux c+ at t = 1. Together with equations 19 and 23-25 this gives

2dy = u.Z(l) + if(l*Y( - 1]. (27)

PHYSICAL MEANING OF THE PARAMETERS Rf, Rb, AND A

In the ohmic range (lul << 1), the functions y and z may be represented by the series
expansions

y = 1 + a2Q()'U + a4(). U4 + * (28 )

Z = a1Q(t)*U + a3() -U+ **. (29 )

Inserting these relations into the differential equation 19 and neglecting terms with
u2 and higher, we find by integration (using equation 26):

Z( = -u Ro- Rf (30)
2Ro

Here Ro= (R),0o is the ohmic limit of the membrane resistance. Combination of
equation 30 with the boundary condition 24 gives

Ro= Rf +2Rb. (31)

By inspection of equation 20 it is seen that Rf is the ohmic resistance of the lipid
film without the barriers. In the limit Rf -O 0, the membrane resistance is determined
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FIGuRE 1 Energy barriers for the trans-
port of an ion across the membrane.
(Eb, Ef = activation energies, d =
membrane thickness.)

d

by the barriers alone: Ro z 2 Rb. Therefore we may identify Rb with the electrical
resistance of the barrier at the membrane-solution interface.
As will be shown below, the influence of the Wien effect on the membrane con-

ductivity depends strongly on the ratio Rb/Rf . It is therefore interesting to make an
estimate of Rb/Rf on the basis of Eyring's theory ofmembrane transport (Glasstone,
Laidler, and Eyring, 1941; Johnson, Eyring, and Polissar, 1954). If Eb is the activa-
tion energy for the movement of the ion from membrane to solution (see Fig. 1), the
coefficient im. in equations 21 and 22 is given approximately by the relation

kT -Eb/kThn, ~ I-e I/T(32)

in which h is the Planck constant and I the "jump length", i.e. the distance from which
the ion mayjump across the barrier. On the other hand, the diffusion of the ion in the
membrane is determined by energy barriers of height Ef (Fig. 1). If we assume the
jump length for both types of barriers to be approximately equal, then, after Eyring,
the diffusion coefficient D becomes

D kT .-12 -Ef/kT 3k-T'

Using equations 20 and 25 we obtain for the ratio Rb/Rf the estimate

Rb I -[(Ef-Eb)IkT] ( 34)

With a membrane thickness of d 100 A, the ratio l/d is in the order of 0.1. How-
ever, the barrier height Eb may be larger than Ef by several kilocalories/mole. It is
therefore conceivable that the resistance of the barrier, Rb, exceeds the film resistance
Rf by a factor of ten to a hundred.

In order to evaluate the physical meaning of the parameter A (equation 17), we
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define two relaxation times. The "diffusional relaxation time" Tdiff is the time in
which an ion migrates a distance equal to half the membrane thickness by diffusion,
and is given by the Einstein relation

dif8f * ( 35)

'rdiff is the time constant for the reestablishment of the equilibrium after a sudden
perturbation of the ion concentrations in the film without barrier. The "chemical
relaxation time" Tchem is the time lag of the Wien effect in a macroscopic phase. If the
concentration of free ions is small compared with the concentration of ion pairs,
Tchem is given by

Tchem (36)2- Co kR

(Eigen and Schoen, 1955). By comparison of equations 35 and 36 with equation 17
it is seen that A is the ratio of the two relaxation times:

A = Tdiff (37)
Tchem

With a membrane thickness of d = 100 A and a diffusion coefficient of D = 10-6 cm2
s' , the diffusion time becomes Tdiff 10-7 sec. The rate constant for the recombina-
tion of oppositely charged ions, kR, was first calculated by Debye (1942). In a med-
ium of low dielectric constant, kR is given by

kR 167rNAqD (38)

(NA = Avogadro's number). With Em = 2, the Bjerrum length q (equation 6) be-
comes 140 A, so that kR - 4. 10'3 cm3 mole-' s-'. Of the concentration of free ions in
the membrane, co, not even the order of magnitude is known. If we assume Ro =
105 ohms. cm2 and a value of 10 for the ratio Rb/Rf, an ion concentration of 3 * 10-
moles/cm3 is calculated from equations 20 and 31. This gives Tchem 4. l0- sec, so
that A 3. 10-4.

APPROXIMATE SOLUTION FOR A << 1, Rb/Rf >» 1

From the numerical example of the preceding section we may expect that under
many experimental conditions A is a very small number. In this case an approximate
solution may be obtained by a perturbation treatment of the differential equations.
For A = 0 the equations 16 and 19 can be easily integrated. If we denote

[Z(t)]AO by y* (t)

[Z (t ]A=0o by z* (t)
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and [R]A=.o by R*, the result is

-* Rb cosh (ut/2) + f 3
- R* sinh (U/2) R* (39)

Z ) = R *u sinh (ut/2) (40)=-Ri" sinh (u/2)

R* = Rf + Rbu*coth (u/2). (41)

These equations obey the boundary conditions 24, 26, and 27. For small values of
A we can write

y y=y*() + A3(t) (42)
z(t)= z*(t)+ A.'(t), (43 )

neglecting terms which contain A2 or higher powers of A. With these relations the
differential equations 16 and 19 can be solved in closed form. We omit the details of
the somewhat lengthy calculation and merely give the end result which is valid for
A << 1 and Rb/Rf >> 1. Introducing the membrane conductivity X = I/R and the
ohmic membrane conductivity Xo = l/Ro we find

X 2 h(~+ Rb 4 Iu F()1 1
X * tanh * **tanh 2- cosh2 (u/2)] (44)

(A << 1, Rb >> Rf).

This relation has been found to be useful as a first approximation in the numerical
integration of the differential equations.

RESULTS AND DISCUSSION

The result of the numerical integration of equations 16 and 19 is represented in Figs.
2 and 3 in which the ratio X (u)/Xo is plotted for different values of the parameters A
and Rb/Rf . The function f(u) (equations 5 and 8) was calculated assuming a di-
electric constant eX = 2 and a membrane thickness d = 70 A, (see Table I). In-
terestingly, with certain combinations of u, A, and Rb/Rf the ratio X/X0 becomes < 1.
It can be shown that this is a general property of membrane models involving an ac-
tivation energy barrier at the interface. Under most circumstances, however, X/Xo is
an increasing function of u. The main result of the numerical integration is the con-
clusion that the influence of the Wien effect on the membrane conductivity is ap-
preciable only if A and Rb/Rf are not both small. A << 1 means that the rate of pro-
duction of additional free ions by the field effect is much smaller than the rate by
which these ions may diffuse out of the membrane, so that the ion concentration
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3 FIGUREs 2 and 3 Membrane conductivity X as a function
2 of the reduced voltage u - Ueo/kT, as obtained by nu-

/ //k=20, merical integration of equations 16 and 19. Xo is the mem-
R brane conductivity in the ohmic limit (uz 0). The calculation

was carried out with a dielectric constant fm 2 and a
_______________________ membrane thickness d = 70 A.

0 1 2 3 4 5 6
u_

FIGURE 3

TABLE I

THE FUNCTION f(u) (EQUATION 8), AS CALCULATED WITH (M = 2, d = 70A,
T = 25°C

u.......... 0 1 2 3 4 5 6
f(u) .......... 1.0 4.88 15.77 42.11 99.97 218.64 449.65

within the membrane remains practically unchanged. If, however, the barrier resist-
ance is high (Rb>> Rf ), the ions are more or less trapped in the membrane; then even
in the case A << 1 the membrane conductivity is increased by the Wien effect. As we
must expect that A is always a small quantity in the case of a lipid bilayer membrane,
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the influence of the Wien effect on X/Xo depends entirely on the existence of a barrier
at the membrane-solution interface. Some indirect evidence for the Wien effect in
lipid bilayer membranes comes from the fact that the nonlinearity of the experi-
mental current-voltage characteristic can be explained only in part by the image force
correction of the flux equations (see part II of the series). However, as a character-
istic relaxation time is associated with the Wien effect, more direct information can
be obtained from a measurement of the time dependence of the membrane conduc-
tivity after a sudden change in the voltage. Experiments of this type are now in
progress.
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